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Abstract 

A robot manipulator consists of several links connected by usually of single degree of freedom joints say, a revolute or a 

prismatic joint. In order to control the end-effector with respect to the base, it’s necessary to find a relation between the 

end-effector and the base. The D-H parameter modeling method is the most popular due to the simplicity and validity. This paper 

studies two different D-H parameter modeling methods. The D-H parameter was proposed by Denavit and Hartenberg to 

represent a directed the axis line of a lower pair joint. However, in the subsequent application process, Paul and Craig improved 

them one after another to facilitate calculation and memory, which are respectively called Standard D-H parameter modeling 

method and Modified D-H parameter modeling method. However, some literatures show that the difference between the two 

methods in practical application is somewhat confusing. For example, someone attaches the coordinate frames through Standard 

DH modeling method, but calculate through the homogeneous transformation matrix of the Modified D-H parameter modeling 

method, which makes wrong model. Since most robotic mechanisms are essentially designed for motion, the kinematic modeling 

of a robot manipulator is very important that describes the relationship between the links and joints. This paper studies two 

different D-H parameter modeling methods. Both methods are here presented and compared and the tips to distinguish them are 

provided. Finally, the simulation of Staubil TX60L is carried out by using two methods on MATLAB. 
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1. Introduction 

Over the past decades, industrial robots have become more 

and more important for manufacturing industry with the rising 

labor costs in China. In order to realize intelligent 

manufacturing, we must vigorously develop intelligent 

equipment like industrial robots which are called "Pearl at the 

Top of the Crown of Manufacturing Industry" [1, 2]. Since the 

first ISO-compliant industrial robot came out in 1938, the 

manipulator has gradually become one of the fastest-growing 

and most widely used industrial robots. A robot manipulator 

consists of several links connected by usually of single degree 

of freedom joints say, a revolute or a prismatic joint [3]. In 

order to design, control and study the manipulator, it is 

necessary to find the motion relationship between the 

end-effector and the base and establish its motion model. 

Because of its simplicity and effectiveness, one of the most 

popular modeling methods is the D-H parameter modeling 

method, which is the object of this study. 

The D-H parameter was proposed by Denavit and 

Hartenberg to represent a directed the axis line of a lower pair 

joint [4] at first. Waldron [5] and Paul [6] revised the label of 

the joint axis in Denavit and Hartenberg's original rule in 1973 

and 1982 respectively to unify the label of links and joint axis. 

The coordinate frame is attached to the joint axis, and the 

relationship between the joints and links is expressed by 

describing the relationship between the coordinate frames. 

This modeling method is called Standard D-H modeling 

method. Laterly Craig [7] changed the position of link 

coordinate frames. Generally, Craig's modified modeling 

method is called Modified D-H parameter modeling method. 

The two methods look similar, which makes users confused. 

In fact, the different position of link coordinate frame causes 
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the different order of link coordinate frame transformation and 

the different homogeneous transformation matrix. After 

reading an amount of literature, it’s found that many users mix 

the two methods up. For example, the order of frame 

transformation is that rotate around Z , translate along Z , 

along X , rotate around X  in literature [8] according to 

Standard D-H modeling method. But Modified DH modeling 

method is used to establish the coordinate frame of the robot 

afterwards. A similar situation occurred in [9] and [10]. 

Sometimes due to the particularity of some parameters of the 

manipulator, correct conclusions can be drawn even though 

the model is misused. In order to be academically rigorous, we 

must correctly understand and distinguish the two methods. 

2. D-H Parameter 

 

Figure 1. D-H parameter original rule. 

 

Figure 2. DH parameter revision. 

In order to describe the pose relationship between the links 

of the manipulators, in 1955, Denavit and Hartenberg 

established a Cartesian coordinate system on each link in 

accordance with specific rules, and proposed the concept of 

the D-H parameter model, which only needs four parameters 

to represent the conversion relationship between two 

Cartesian coordinate systems. The original rule is shown in 

Figure 1, where iJ  is between Li and 1Li+ , that is, the i

joint is outside the Li link, which causes the transformations 

id  and iθ  to be along or around 1Ji−  instead of Ji . It is 

error-prone and inconvenient to remember when calculating. 

Waldon and Paul revised the joint axis marks in the original 

rules by Denavit and Hartenberg respectively in 1973 and 

1982, which placed Ji between 1Li− and Li , that is, the joint 

i  is inside the link Li , as shown in Figure 2. The improved 

rules ensures that the joint variable subscript is consistent with 

the joint axis subscript. 

Due to convenience and uniformity, most scholars now 

choose the D-H parameters revised by Paul. The parameters 

are defined as follows: 

(1) The length ia of the links: the common perpendicular 

distance of the joint axes Ji and 1Ji+ of two neighboring joints, 

recorded as ia ; 

(2) The torsion angle iα of the links: the axis Ji and the 

above-mentioned common perpendicular form a plane P, the 

angle of the axis 1Ji+  and the plane P, is recorded as iα ; 

(3) The offset id of the links: except the first link and the 

last link, there is always a common perpendicular ia between 

the joint axes Ji and 1Ji+ of any two adjacent links, and the 

distance of two adjacent common perpendicular, 1ia − and ia , 

of one joint, recorded as id ; 

(4) Joint angle iθ : The angle of the projections of the 

adjacent two common perpendicular lines of the joint Ji  on 

the plane with Ji  as the normal, is recorded as iθ . 

3. Coordinate System of the Links 

There are many ways to establish rectangular coordinate 

system on the links. Generally, it is customary to take the 

direction of axis Z parallel to axis J, and the direction of axis X 

parallel to the direction of common perpendicular of two axes. 

Therefore, in DH parameters, iθ and id are transformed along 

or around axis Z, and ia  and iα are transformed along or 

around axis X [11-13]. 

3.1. The Position of Coordinate System 

Setting 

3.1.1. Standard D-H Model 
After proposing the revised D-H parameters, Paul 

established link coordinate system in the way shown in Figure 

3, which is called the Standard D-H parameter modeling 

method or the Classical D-H parameter modeling method. 

The steps to establish the coordinate system are as follows: 

(1) Determination of the origin iO : take the intersection of 

the common vertical line of Ji and 1Ji+ at 1Ji+  as the origin 

of the coordinate system. 

(2) Determination of the direction of the axis iZ : take the 

direction of 1Ji+ as the direction of the axis iZ ; 

(3) Determination of the direction of the axis iX : take the 
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direction of Ji  and 1Ji+  common vertical line pointing to 

iO  as the axis iX direction. 

(4) Determine the axis iY  direction according to the 

right-hand rule. 

 

Figure 3. Standard D-H model. 

 
Figure 4. Modified D-H model. 

3.1.2. Modified D-H Model 

Paul configures the axis iZ  on 1Ji+ , which causes the 

subscript of i -link coordinate system not correspond to the 

joint axis subscript. So Craig proposed an revised D-H 

modeling method called Modified D-H modeling method in 

1986, which configures the axis iZ  on Ji , as shown in Figure 

4. 

The steps to establish the coordinate system are as follows: 

(1) Determination of the origin iO : take the intersection of 

the common vertical line of Ji and 1Ji+ at Ji as the origin of 

the coordinate system. 

(2) Determination of the direction of the axis iZ : take the 

direction of Ji as the direction of the axis iZ ; 

(3) Determination of the direction of the axis iX : take the 

direction of Ji  and 1Ji+  common vertical line from 1Ji+

pointing to iO  as the axis iX direction. 

(4) Determine the axis iY  direction according to the 

right-hand rule. 

3.2. Coordinate System Transformation Order 

3.2.1. Standard D-H Parameter Modeling 

Method 
For the link coordinate system established by Standard D-H 

parameter modeling method above, the link coordinate system 

1Li− coincides with the link coordinate system Li after two 

rotations and two translations. See Figure 3 and Figure 5. 

The four transformations are as follows: 

(1) Rotate iθ -degree around the axis 1iZ − , so that the new 

axis 1iX − (axis
'

1iX − ) is in same direction with the axis iX . The 

link coordinate system after transformation is shown in Figure 

5 (a). 

(2) Translate id -distance along the axis 1iZ −  to make the 

new point
'

1 1i iO O− −（ ） to the intersection of Ji and the 

common vertical line of Ji and 1Ji+ , that is, the axis 
'

1iX − is 

collinear with the axis iX . The coordinate system of the link 

after transformation is shown in Figure 5 (b). 

(3) Translate the ia -distance along the axis
'

1iX −  (axis iX ) 

to make the new point
'

1 1i iO O− −（ ）move to iO , coinciding with

iO , the coordinate system of the link after transformation is 

shown in Figure 5 (c). 

(4) Rotate iα -angle around the axis
'

1iX −  (axis iX ) makes 

the new axis 1iZ −  (axis
'

1iZ − ) coincide with the axis iZ . The 

link coordinate system after transformation is shown in Figure 

5 (d). 

So far, the 1Li−  link coordinate system 1 1 1 1i i i iO X Y Z− − − −  

and the link Li  coordinate system i i i iO X Y Z  will completely 

coincide. The transformation relation between two link 

coordinate systems can be described by four homogeneous 

transformation matrices, as shown in Eqs.(1) above. 

Where cos iθ  will be expressed as c iθ , and sin iθ  will 

be expressed as s iθ  for convenience. This agreement will be 

used in all cases. 

3.2.2. Modified D-H Parameter Modeling 

Method 
In the same way, for the link coordinate system established 

with Modified D-H model above, the link coordinate system 

1Li− coincides with the link coordinate system Li after two 

rotations and two translations, as shown in Figure 4 and 

Figure 6. 
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Figure 5. Schematic diagram of link coordinate system transformation (Standard D-H model). 

 

Figure 6. Schematic diagram of link coordinate system transformation (Modified D-H model). 
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(1) Translate the 1ia − -distance along the axis 1iX −  to make 

the point 1iO − move to
'

1iO − , the coordinate system of the link 

after transformation is shown in Figure 6 (a). 

(2) Rotate 1iα − -angle around the axis 1iX −  to make the 

new axis 1iZ −  (axis
'

1iZ − ) coincide with the axis iZ . The 

coordinate system of the link after transformation is shown in 

Figure 6 (b). 

(3) Translate id -distance along the axis
'

1iZ −  (axis iZ ) to 

make the new point
'

1 1i iO O− −（ ） to iO , that is, the axis
'

1iZ −  

coincidences with the axis iZ . The coordinate system of the 

link after transformation is shown in Figure 6 (c). 

(4) Rotate iθ -degree around the axis 
'

1iZ − (axis iZ ), so that 

the new axis 1iX −  (axis
'

1iX − ) is in same direction with the 

axis iX . The coordinate system of the link after 

transformation is shown in Figure 6 (d). 

So far, the 1Li−  link coordinate system 1 1 1 1i i i iO X Y Z− − − −  

and the link Li  coordinate system i i i iO X Y Z  will 

completely coincide. The transformation relation between two 

link coordinate systems can be described by four 

homogeneous transformation matrices, as shown in Eqs.(2) 

below. 

 

4. The Difference of the Two Models 

4.1. Transform Order Affects the Results 

Take Standard D-H model as an example. In the original 

rules, the coordinate system 1 1 1 1i i i iO X Y Z− − − − is configured at 

axis Ji , and transforming is along or around axis iZ , and we 

get a reasonable result. But if the links transform along or 

around axis iX  firstly, we will get an unreasonable result 

shown in the Figure 7. Now the direction of iZ  axis is not 

parallel to that of id  parameter, the next transformation is not 

possible. So we must firstly transform along or around the iZ

axis to make connection of the two adjacent coordinate system 

originals be parallel with next transform direction ia . 

Differently by Modified D-H model rules, the coordinate 

system i i i iO X Y Z is configured at axis Ji , then transform must 

be along or around iX axis firstly[10]. 

 
Figure 7. Transform around X-axis (Standard D-H model). 
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4.2. The Order of Rotation Matrix Affects the 

Result 

According to the transform order, homogeneous 

transformation coordinate system between two link coordinate 

systems is obtained by multiplying four transformation 

matrices. It can be seen that the order of four transformation 

matrices in the Eqs.(1) and Eqs.(2) is different and the 

subscripts are different, which causes the same result in fact 

[15]. So how the order of matrix multiplication affects the 

results? 

(1) Multiplication of two rotation matrices. Set a matrix as 

shown in Eqs.(3) which means the coordinate system rotate θ
-angle around axis X , and a matrix as shown in Eqs.(4) which 

means the coordinate system rotate θ -angle around axis Z . 

Then calculate the multiplication of two matrices, the 

Eqs.(5)-(6) are the different results we can see. 
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(2) Multiplication of translation matrix and rotation matrix. 

Set a matrix as shown in Eqs.(7) which means the coordinate 

system translate d - displacement along axis X . Then 

calculate the multiplication of the matrix and the rotation 

matrix shown in Eqs.(3), and the Eqs.(8)-(9) are the same 

results we can see. 

(3) Multiplication of two translation matrices. Set a matrix 

as shown in Eqs.(10) which means the coordinate system 

translate d - displacement along axis Z . Then calculate the 

multiplication of the matrix and the translation matrix shown 

in Eqs.(7), and the Eqs.(11)-(12) are the same results we can 

see. 
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In summary, the order of rotation matrix affects the result. 

But the order of translation matrix affects the result. So when 

we establish a Standard D-H model, the Eqs.(1) should be 

chosen but not Eqs.(2). 

5. Tips for Quickly Distinguishing 

Between Two Models 

1. Observe the direction of the iZ axis of the link coordinate 

system and Ji axis, especially the 1Z axis. Because the base 

coordinate system position is uncertain, but the first link 

coordinate system is certain. The differences of Standard D-H 

model and Modified D-H model is that 1Z axis is collinear 

with 1Ji− axis or Ji axis. And the first joint of a standard 

six-degree-of-freedom manipulator is always vertical to the 

ground, the second joint is vertical to the first joint. So when 

1Z axis is vertical, it is Standard D-H model, or when 1Z axis 

is horizontal, it is Modified D-H model. 

2. Observe the position of the origin iO of coordinates, it is 

arranged on the Ji axis or the 1Ji+  axis. The position of the 

origin determines whether the rotation order is first along or 

around the iX axis or the 1Z axis. When the subscript of the 

origin iO  and the Ji axis are different, it is Standard D-H 

model, or it is Modified D-H model. 
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3. Observe the transformation matrix of the link coordinate 

system, especially the subscripts of α  and a  in the matrix. 

When there are different subscripts in the transformation 

matrix, it is Standard D-H model, otherwise it is Modified 

D-H model. 

To sum up, although the difference between Standard D-H 

model and Modified D-H model seems very slight, the reasons 

for this difference are essential. Standard D-H model 

parameters can not be substituted into Modified D-H model 

transformation matrix, and vice versa. In other words, the link 

coordinate system established by different models must use 

corresponding link transformation matrix. 

6. Simulation Verification 

 

Figure 8. Staubli TX60L structural parameters. 

Although Standard D-H model and Modified D-H model is 

different, the results of one same robot are same. That is, the 

homogeneous transformation matrix of the flange coordinate 

system at the end of the robot is unique relative to the basic 

coordinate system of the robot, which will be proved below by 

the simulation of the robot toolbox in MATLAB. 

Table 1. Staubli TX60L Standard D-H model kinematic parameters. 

link i  ( )iθ °  ( )id mm  ( )ia mm  ( )iα °  

1 ( )1 0θ  0 0 -90 

2 ( )2 90θ −  0 400 0 

3 ( )3 90θ  20 0 90 

4 ( )4 0θ  450 0 -90 

5 ( )5 0θ  0 0 90 

6 ( )6 0θ  70 0 0 

Table 2. Staubli TX60L Modified D-H model kinematic parameters. 

link i  ( )iθ °  ( )id mm  ( )ia mm  ( )iα °  

1 ( )1 0θ  0 0 0 

2 ( )2 90θ −  20 0 -90 

3 ( )3 90θ  0 400 0 

4 ( )4 0θ  450 0 90 

5 ( )5 0θ  0 0 -90 

6 ( )6 0θ  70 0 90 

 

Figure 9. Standard D-H model (left) and Modified D-H model (right) of 

Staubli TX60L. 

The object of research in this paper is Swiss Staubli TX60L 

standard 6-DOF industrial robot whose structural parameters 

are shown in Figure 8. As described in Section 2, the 

coordinate systems of links are established by Standard D-H 

model and Modified D-H model, respectively, as shown in 

Figure 9. In the figure, the dotted line indicate that the origins 

are coincident. The origin 0O  ( 1O ) is at the intersection of 

the axis 1J  and the axis 2J , and the origin 4O  ( 5O ) is at the 

intersection of the axis 4J and the axis 5J . Frame t t t tO X Y Z is 

tool coordinate system, whose default attitude is the same as 

that of the link 6L  coordinate system, with only the offset of 

the origin position in the three directions of the axis 6 6 6, ,X Y Z . 
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The D-H parameters of the two models are obtained according 

to the structural parameters of the robot as shown in Table 1-2. 

 
Figure 10. The end pose in Robot Toolbox (Standard D-H model). 

 
Figure 11. The end pose in Robot Toolbox (Modified D-H model). 

 
Figure 12. The end pose in Emulator. 

Finally, according to the D-H parameters in Tab1-2 

respectively, based on MATLAB R2015a, using Robot 

Toolbox (version: MATLAB_Robotic_Toolbox_v10.1) to 

write corresponding programs [16, 17], the simulation results 

are shown as Figures 10-11. At the same time, Emulator, the 

simulative teaching device in Staubli Robotics Suite (SRS) 

software, can also control the motion of the robot. And current 

joint angle value and the position and posture of the end flange 

in the base coordinate system of the robot can be read through 

the control panel in the main menu (Figure 12). 

Compare the joint angle and position and posture in 

MATLAB and Emulator. If the results are the same, the 

simulation model is correct. The results are shown above 

where we can see the same and correct results. 

7. Conclusion 

This paper presents and compares the specific steps of 

Standard D-H modeling method and Modified D-H modeling 

method in detail. The way of the frames establishing is first 

compared. The frame which is attached to the ith axis by 

Standard D-H modeling method is i-1th frame, or ith frame by 

Modified D-H modeling method. According to the position of 

the frame and the joint, the order of frame transformation is 

around or along Z-axis by Standard D-H modeling method, or 

around or along X-axis by Modified D-H modeling method. 

Then multiplication of homogeneous transformation matrices 

in order of frame transformation is final result. The effect of 

transformation order of homogeneous matrices on final result 

is studied, that is, the order of translation transformation does 

not affect the result, but the order of rotation transformation 

does affect a lot. On the intuitive level, the two methods can be 

quickly distinguished by observing the subscripts of the link 

coordinate frame and of the origin of the coordinate frame and 

of the element in the homogeneous transformation matrix. 

Finally it should be noted that the most common error in the 

using process is establishing frame by Standard D-H modeling 

method and using multiplication of homogeneous 

transformation matrices as Modified D-H modeling method 

because of simplicity and uniformity of subscripts. D-H 

modeling method is the base of researching robot, so it’s 

important to distinguish and use it correctly. 
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