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Abstract

This paper aims to present Euler -Lagrangian Mechanics formalism for mechanical systems using (2,0)-Jet Bundles with
Constraints, which represent an interesting multidisciplinary field of research. As a result of this study, partial differential
equations will be obtained for movement of objects in space and solutions of these equations will be made by using the Maple
computer program. In this study, some geometrical, relativistic, mechanical, and physical results related to (2,0)-Jet Bundles
with Constraints mechanical systems broad applications in mathematical physics, geometrical optics, classical mechanics,
analytical mechanics, mechanical systems, thermodynamics, geometric quantization and applied mathematics such as control

theory.
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1. Introduction

The study of Lagrangian Dynamics is one of the most
important branches of differential Geometry due to its direct
correlation with classical physics, and physical sciences and
other practical fields, Dynamics systems are the most
important topics of differential geometry. It considers
regulations the dynamics of Lagrangian topics in modern
differential geometry.

In literature, there are a lot of studies about Lagrangian
mechanics, formalisms, systems and equations. There are
also large number of studies in this subject, for example.

Zalutchi For this study the main topics of this The (2,0)-jet
bundles geometry: the fibre structure, its complexified
tangent bundle, the decomposition by a nonlinear complex
connection, Nilinear complex connection [1].

W. Stoll developed a general framework for embedded on
holomorphic a systematic treatment of the theory of lling by
holomorphic Symplectic manifolds [3].

In a set of papers [7-9], are studied the problems of
algebraic geometry fora holomorphic jet bundle. The
holomorphic jet bundle has a natural structure of complex
manifold, whose total space will be further studied by the

same schedule as for the real case for the known k- osculator
bundle, topic intensively investigated in the last decade,
especially by the Romanian geometers.

Audin and Lafontaine introduce to Symplectic geometry
and relevant techniques of Riemannian geometry, proofs of
theorem, an investigation of local properties of holomorphic
curves, including positivity of intersections, and applications
to Lagrangian embeddings problems [10].

E. Azizpour. We introduce the concept of a dynamical
connection on a graded jet bundle J%* (R (M; A)) in terms
of an almost tangent structure [11].

So, if M is an m-dimensional configuration manifold and
L: TM — Ris a regular Lagrangian function, then there is a
unique vector field X on TM such that dynamic equations
are determined by

ixdp, = dEL (1

where ¢ indicates the symplectic form. The triple
(TM,¢,,L) is called Lagrangian system on the cotangent
bundle T*M . There are many studies about Lagrangian
mechanics, formalisms, systems and equations given by

w(g) =0 @
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It is said that the quartet (TM, by, E, 0) defines a
mechanical system with constraints if vector field € given by
the equations of motion

iEL(DL = dEL + Ba((ja)i =0 (3)

is a second order differential equation. Then, it is given
Euler-Lagrange equations with constraints as follows
d (oL ) A,
dt (aqi) agql B*(0a)i )
The present paper is structured as follows introduction In
first section preliminaries. In second section, we introduce. In
three section Euler - Lagrangian Mechanics with constraints
and conclusion, we discuss some geometric-physical results

about Lagrangian equations on (2,0)-jet bundles with
constraints.

2. The Geometry of /29 M Bundles

Definition 2.1 [1]

Let M be a complex manifold, .M = TM® TM, the
complexified tangent bundle of (1,0)- and of (0,1) -type
vectors, respectively. If (Z")L-zl;—n are complex coordinates,

then T, M is spanned by {%} __and f’zM is spanned by

i=1;n
a PR .
{E} __moreover TM is a holomorphic vector bundle.
i=1;n

_iopi i _azt
Let Z=(z,X'=n _dB'Y_

complex coordinates in the chart (U; ¥) from J@OM;
we shall the following notations

. 2,0
i@ ZTZZ) be local

7= (Zi,xi =i yi = ni(Z)) =(zLXLYH)  (5)

Theorem 2.2 [1]
is in T.0@O) s -2 2 i} i
A local basis in TZ(] JV[) is {Bzi'axi“ayi - and in

1, (@O )theirs

conjugates { 90 0 29
Jug azt’ axt’ oyt

} . Due to holomorphic changes
i=1;n

S0 al 1 Al 1 1
on JEOM | that is all of 22, 2L 9% 0 03 aij are
vanishing, and also theirs conjugates, it follows that local
bases from T,(J#®M) change w.r.t. the transformationsby

the rules:

d
d a7t a axt d ayia_yi
0z) 0zJ0z' 0z/ 0xt 0z]
a %t 9 ayi d
dxJ — 9zJ 0kt ' Az 0yt
9 _9' o
ax) ~ 9zl ayi (6)
If thta_z,i—a_fi—a_yibt' h 6_2‘_6_x‘ t'
nfer that -~ = - = 3y ut in change —— =~ contain

. L . oxt .
the second order derivatives ofZ'. While ﬁcontams even the
Z

3-th derivatives of z'.

Theorem 2.3

On T,(J®9M) the natural complex structure J> = —I acts
as follows:

(520) = 151 (527) = 10 (557) = 15
o) =97 Gxr) = ta ! \5y7) = tayi
a

1Ga) =151 Ga) = =15 ) = =iz @
Lemma 2.4[2] Ifw, 6 and k —formbe respectively then:-
dw AdB = —d6 A dw
d*=dod=0
d(wAY) = doAP + (—D*dPAw

Lemma 2.5 [2] Suppose (U, x;,...,%,) is a chart on a

manifold. Then
fi2%) _oqi 1,i =j
(ﬁ) - 81' - {O,i * ] ®)

Definition 2.6An exterior differentiation or exterior
derivative on a manifold M is an R-linear map

d:Q* (M) » Q* (M)

Then the exterior derivative of w is (k + 1) —form given
by

dw = X2, d(w;,, 5 )dx1Adx2A ... Adx '« Wherek > 0 (9)

Definition 2. 7 [3] A Symplectic structure on an even
dimensional manifold M is a 2-form ® on M satisfying:-

(i)dw = 0,1.e., w is a closed form.

(il) wis non degenerate

3. Euler - Lagrangian Mechanics
Equations

In this section, we obtain complex Euler -Lagrangian
equations for classical mechanics structured on momentum
space T, (J*®M) that is 2m- dimensional tangent bundle of
an m-dimensional configuration manifold M.

Definition 3.1

Let map L: TM' — M such that

L=T—P (10)

The Lagrangian function, where we find that

T= Kinetic energy,

P = Potential energy
where ¢y, is the symplectic form and E; is the energy
associated to L

Let Jbe an almost complex structure on the T,.M and
(z4,z4, x1, %1, y', ) its complex coordinates.. Assume to be
semispray to the vector field & given as:

L N I N
S=t =8t a5+ T D)
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vii

21 <i=yi=}—1i,zi=Zi=j}i=3—/

it The vector field determined by
V== (§5H+E mtnm A m G an+ T on) (12)
is called Liouville vector field on the complex manifold] »® M . The closed 2-form given by ¢, = —dd, Lsuch that

d 0 0 0 0 0

A =igi—igntigaigntigy—ignFI*PM) - NTIEOM)
_ _ ;0L .9L  .9L 9L 0L . 3L
¢, =—dd,;L = d(l_azi l_62i+l_6xi L—Mi+l—ayi l—ayi> (13)

By means of (1) Euler -Lagrangian Mechanics on (2,0)-jet bundles is found the following as

oL _a(aL) oL _i(aL>=

oz Lat\az) T Vaa T 15 \aa
aL _a(aL)_O(')L 6(6L)
o ar\axt) T Vot tar\aa
oL .9 (oL aL | .9 (9L _
6_yi_lat(6y) anl+l§(a_yi)_0 (14)

4. Euler - Lagrangian Mechanics Equations with Constraints

In this section, we obtain complex Euler -Lagrangian equations with constraints for classical mechanics structured on
momentum space T, (](Z'O)M ) that is 2m- dimensional tangent bundle of an m-dimensional configuration manifold M’
Let /be an almost complex structure on the T,M and (z¢, Z%, x!, X, y', ') its complex coordinates.. Assume to be semispray

to the vector field & given as:

£ = EL—§’§+E‘al+n—+n +<‘ +<’ S +Bio,l<asn (15)
EI_ZL= Ziziz EI_ZL=ZL
n1=x1= fl’ﬁi= T]l=xl=)LCi
U=y'=y.0=0=y'=y
The vector field determined by
vV = (s w0 i 9 0 i i
=Js =] Eﬁ‘f‘iﬁ‘f‘ﬂ FrERl ﬁ*‘(a—yi‘f‘ia—}_]i
i i a a i i
14 —]ﬁ—]E—"‘]E +]T] F*‘]ﬂ F-”Z +]<
i 0 Ti 0 i i i _i 0
() ) ) )
V= J& = i oh— B i o i i i (16)
is called Liouville vector field on the complex manifold] »® M . The closed 2-form given by ¢, = —dd, Lsuch that
9 .9 .0 .8 .0
d; = lﬁ—lﬁ+lm—lﬁ+la—yi—l— FO@OM) — AT(@0M) (17)

==l

dL_(,a 0 .0 0 .3 _a>
L= i am Tiey ey
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oL oL, . 9L . OL oL 4L
- (18)

I z o T Lo axi ayl ayl

<6L oL 9L dL oL aL)

0z! azl+lﬁ_lﬁ+ oyl ay

<6L L oL dL oL 6L)
oz ‘oz " toxi ‘ox eyl oy

oL GL) ( oL 6L> d(ﬂ— ﬁ)

¢L=‘d(lﬁ‘la ox o 3y a5

is found to be
2 aZL 2

0%L d o
¢, = (') T35 ———dz'Adz’ +i 37797 dz‘/\dz] +1i 377970 -dz 'AdZt + l(’)—faz_" dz/N\dz!
+i o°L -dxi\dx’ + o°L dx‘N\dx’/ + o -d INdXt + i - dx I Ndxt
b Ta.r 4x \dx lm x'Ndx lax a5 X xt la a7 X X!
+a16ldy/\dyf+1616ldyL/\dyf+la)al dy/N\dy' +la]al dy’ Ady' (19)
@) =0, =9,
2 0%L 2 . . 0%L . .
t J J J i P =Jj i
((')laleAdZ +la a7 dz/\dz +la jazidZ/\dZ +laz_1'62id2/\dz
62 2 2 62
: i j i j Jj j
+lax6 -dx'\dx +lax6 -dx'A\dx +lax6 -dx/ Ndxt +la EE: dx/\dx
2 2y, 0%L
———d J d J dy’A\d
ayJayl y/\y+layay y/\y+lay16yl yIAdy
i dy]/\dy)(LE‘ e i gl it 1T —)
6 Joyt oz " Gy ox! oyt
Letébe the semispray given by (19) and
2 2 aZL 2
igp, = 5616‘ lf‘a]al §ldzt +ig! _]aldz — it _]al(?ljdz
0%L 2 02 0%L 2
sl Jj _ szl j +Zl Jj _ izl il j
+i¢ 57797 l(Sldz i& aZ}.aiidzf+1€ 37797 l(SLdz i& 377971 dz’ +in axjaxl.dxf
2 ZL 2 ZL .
j = Jga i g i Jgsi
—in’ EE 767 dx Uk FESE - dx J—int FESE -6, dx L+mlaxf6fi6idxl
—ift i dx’ + ifj! o°L §/dxt — i i dx/
dxJoxt oxJoxt ! dxJoxt
71 azL i azL 6] i 71 9%L d—j 710 azL 5}d i 7l azL (S]d i
it gy 47 -2 slayt - i -2l gy 20
1( 6 )a i y Za )al i y Za}—,ja}—,i y ( )
Since the closed Kahlerian form¢,on TM is symplectic structure, it is obtained
EL = S_L
EL—lEI——lElazl+lT]——ln §+Lila—yl— Zlayl L 21

Differential equation (21) we get
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0 d 0 d 0
dE; + B“ aa—d(lE‘——LE‘—+m pp —in ax1+1(‘——l(‘——L)+Ba(aa)i

0 s 2L i s 0L j aL i ; ) _ ,laz .
dE; + B%, =i 6zfazidz —ié azfaz_idz —a—jdz +ié ‘Jaziz — i 37707 - dz
JL 47+ in 0%L 2ol — i 2], ) aL dx + 0%L 51 0%L . aL .
57747 H N G W~ G g ) — g X I o ' e dx — a5 A
i 0%L i .3 0%L i %L i AL _i
+1<l ayl ayl dyl —lil ayl o7t dyl dy] +1 Zla i dy lyl Z ayl o7t dy] _a_yjdy] +Ba(0a)j (22)
With respect to (3), if (21) and (20) is equalized, it is calculated as follows:
- 2 i 0%L aL j ; 0%L i L s 0%L 51 aL _j
—lf aZjaZidZ —IE _]a Ld +ﬁdZ +1€ aZjaZiZ lf a_Ja Ld +ﬁdZ
i 2 PR 0%L i aL FE 0L PR 0%L _J aL iy
T et X TN G WY G TN G Tewi Y T GRiaxt Y Y o
. 92 02 aL 2 : 2 aL :
7 O — it dv’ dv’ i~ " 5i4 dv/ dv/
i 5yay 0 S57ay1 @Y + 5y WY+ G oy + i oo dy) + 55y
= B%0,dz’ + B%6,d2’ + B*o,dx’ + B*6,dx’ + BYo,dy’ + BY6,dy’
Now, let the curve a: C — TMbe integral curve of &, which satisfies equations
|, 0%L " 0%L ; aL i s 0%L s 0%L y aL . _ 2 j te 1s)
—i|& azj62i+€ 377070 dz +ﬁdz +if¢& 6zjaz‘i+€ 357070 dz +ﬁdz = B?0,dz’ + B?6,dz
We infer the equations
aL .6(6L>_ ; aL+,6(aL>_BZ_
9z 'at\azt) T 7 Tzt tar\azt) T 7 %
Or
. ].(')ZL ¥ 0%L 14 aLd] 0%L i 0%L 1 gz (’)d] %5 dyl %5 gyl
—i[n EIE +1' 770X x/ +ﬁ x) +in 6 Tox +1 EETEET +a— b'e B*o,dx’ + B*o,dx
we infer the equations
aL 6(6L> x 6L+ 6(6L) B
axl "9t \ax! %o ge T Lo\ax) = B0
Or
. 0L L 0%L df+aLdj+' ; 0%L y 0%L d,j+aLd1 BV dvi + BYé.dvi
N 5970y T ayiayt| ¥ T oy Y TS auai tE ayiayt| Y T e Y Taty %aty
we infer the equations
aL d (0L aL d (0L
e g ) e (35) -
oyt at \ayt ayt at \oyt
Thus
aL 6(6L>_ (’)L+.6(6L>_ R
9zt 'at\az Jagzi T tar\azi) T 0
aL 6(6L> x 6L+.6(6L)_ x
axl "9t \ax! a9 T Mot \axt %a
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oL .0 (0L
ayt at \oy!

Thus, by complex Euler-Lagrange equations with
constraints, we may call the equations obtained in (23) on
JEOM . Then the quartet (J®OM,d,&0) is named
mechanical system with

5. Conclusions

From the study, we obtain that Lagrangian formalisms in
generalized Classical Mechanics and field theory can be
intrinsically characterized on (J@9M, ¢, £) being a model
of (2,0)-jet Bundles. So, the paths of semispray & on
J@ON are the solutions of the Euler-Lagrange equations
given by (11) on the mechanical system (JZOM,dy,%).
Also, the solutions of the Euler Lagrange equations on (2,0)-
jet Bundles with Constraints determined by (20) on the
mechanical system (J@9 M, ¢y, & o) are the paths of vector
field £on J@O M.
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